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Abstract
We use mesoscale simulations to gain insight into the digestion of biopolymers by studying the break-
up dynamics of polymer aggregates (boluses) bound by physical cross-links. We investigate aggregate
evolution, establishing that the linking bead fraction and the interaction energy are the main parameters
controlling stability with respect to diffusion. We show via a simplified model that chemical breakdown
of the constituent molecules causes aggregates that would otherwise be stable to disperse. We further
investigate breakdown of biopolymer aggregates in the presence of fluid flow. Shear flow in the absence
of chemical breakdown induces three different regimes depending on the flow Weissenberg number (Wi).
i) At Wi  1, shear flow has a negligible effect on the aggregates. ii) At Wi ∼ 1, the aggregates behave
approximately as solid bodies and move and rotate with the flow. iii) At Wi  1, the energy input due
to shear overcomes the attractive cross-linking interactions and the boluses are broken up. Finally, we
study bolus evolution under the combined action of shear flow and chemical breakdown, demonstrating a
synergistic effect between the two at high reaction rates.
1 Introduction
Food digestion is a complex cascade of chemical and
physical processes spanning multiple length scales [1,
2], ranging from centimetric dimensions for food in-
gested through the mouth down to the molecular
scale for nutrients broken down and absorbed in the
stomach and the intestines. As studies have estab-
lished links between dietary habits and many com-
mon health issues, e.g., obesity and diabetes, [1],
understanding digestion is of broad biomedical rel-
evance. Specifically, a better insight into the pro-
cess would facilitate the design of so-called ‘functional
foods’ that aside from nutritional benefits are associ-
∗yavor.novev@nbi.ku.dk
ated with an improved state of health and/or reduc-
tion of the risk of some diseases [3, 4]. The effect of
functional and other foods on health is to a large ex-
tent controlled by their rate of digestion; for example,
resistant starches, i.e., ones that are not broken down
until they are transported to the large intestine, are
known to have beneficial health effects [5].
Food digestion starts with mastication in the
mouth. There, food is broken down mechanically, lu-
bricated by saliva and converted into a cohesive mass
known as a bolus [6, 7] that consists of particles of
typical size of ∼ 1 mm [7, 8]. The bolus is then trans-
ported to the stomach where it is broken down chemi-
cally through hydrolysis by the hydrochloric acid and
the enzymes in the gastric juices, as well as mechan-
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ically via muscular contractions; limited nutrient ad-
sorption also occurs in the stomach [6]. After gastric
sieving, which only allows particles of size smaller
than ∼ 1 mm to pass [9], the mixture of partially
broken down food and secretions from the digestive
tract (chyme) is then transported to the small in-
testine where the pH is neutral to basic [10]. The
small intestine is the site of further enzymatic and
mechanical breakdown and much of the absorption
of nutrients occurs there [11]. Finally, a low-viscosity
slurry reaches the large intestine where the key pro-
cesses are microbial breakdown and water absorption
[11].
Given the complicated and multiscale nature of the
digestive pathway, and the varied structure of the
biopolymeric molecules relevant to the human diet,
formulating models of digestion is very demanding
and progress is only likely to be made by using a
range of methods relevant to different length scales.
Much of the existing work is based on continuum ap-
proaches, see e.g. [12, 13] and the reviews in Refs.
[11, 14, 15]. In particular, some authors have formu-
lated anatomically accurate 3D computational mod-
els of food breakdown in the mouth [11] and of gas-
tric digestion [11, 14–16]. Other authors have also
worked towards developing in vitro models for the
experimental study of food digestion, e.g. the gas-
tric simulator described in Refs. [17, 18]. Although
some effort has been dedicated to studying digestion
at the mesoscale, for example via the lattice Boltz-
mann method [2], to the best of our knowledge, the
approach described of this article, using a mesoscale
algorithm to study the dynamics and stability of the
polymeric aggregates that arise in the intermediate
stages of the breakdown of complex carbohydrates,
has not yet been explored. The method we use ex-
plicitly models the flow of polymer-solvent mixtures,
eliminating the need for approximate constitutive re-
lations and the corresponding assumptions. However,
feasible simulations do require coarse-graining molec-
ular detail.
We focus on the dynamics of polymeric aggregates
in a viscous medium. Although we do not aim to
mimic physiological conditions exactly, our results
are most pertinent to food digestion in the stom-
ach. Rather than attempting to simulate a specific
biopolymer or to describe the complex mixture of
biomolecules encountered in the digestive tract, we
use a simple model that allows insight into some of
the generic mechanisms controlling digestion. Our
polymeric aggregates, which we refer to as boluses,
are initially approximately spherical in shape and
consist of monodisperse linear bead-spring chains
with no bending rigidity, and we assume that a frac-
tion of the beads can form physical cross-links. (Note
that we use the term ‘bolus’ to refer to a generic ag-
gregated mass rather than in its specific sense of a
lubricated conglomerate of typically millimetric food
particles formed during mastication [7, 8]).
We first consider the dynamics of such boluses in a
quiescent fluid, determining the key parameters that
control whether they are stable with respect to dif-
fusion. We next study how two of the major factors
at play in the digestive tract, chemical breakdown of
the polymers and shear flow, affect bolus evolution.
Finally, we investigate the combined action of simple
shear and chemical breakdown of the polymers. The
predictions of our model, while not directly compara-
ble to a specific system, are relevant to the digestion
of starch, which is a major energy source in the typ-
ical human diet [19, 20].
2 Methods
2.1 Polymer Model
We consider a coarse-grained, bead-spring model of
monodisperse linear polymer chains in which the
bonds are approximated by harmonic springs, yield-
ing the potential [21]:
ubond =
1
2
kbond
Nbead∑
i=2
(|∆ri| − l0)2, (1)
with ∆ri = ri − ri−1, where ri is the position vector
of bead i, Nbead is the number of beads in a single
chain, the resting bond length is l0 = σ, σ being
the bead diameter, kbond = 10
5kBT , where kB is the
Boltzmann constant and T is the temperature.
We model the inter- and intra-chain interactions
between beads with the truncated Lennard-Jones po-
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tential [21]:
uLJ =
+ 4
[(
σ∗
r
)12
−
(
σ∗
r
)6]
r ≤ rcut-off
0 r > rcut-off
(2)
where r is the distance between the centres of the
beads and  characterizes the interaction strength.
For beads that do not form cross-links, we use the
Weeks-Chandler-Andersen potential [22], which we
obtain from Eq. (2) by setting the cut-off radius to σ
and σ∗ to σ/21/6. This choice of interaction potential
implies that we are modelling a good solvent [23].
To model physical cross-linking, which can act
both within and between polymer chains, we mod-
ify the Lennard-Jones potential so that interactions
between individual polymer beads can be attractive.
Upon generating the initial conditions for each simu-
lation, there is a probability plink that each bead will
be able to form links. We model the force between
two linking beads with an offset Lennard-Jones po-
tential,
ulink = uLJ + uoffset, (3)
where we choose the offset so that the force acting
between the two beads, F = −∇ulink, vanishes at
r = rcut-off,
uoffset =
{
− r22rcut-off × limr→r−cut-off
∂uLJ
∂r r ≤ rcut-off
0 r > rcut-off.
(4)
For linking beads, σ∗ = σ and rcut-off = (5/2)σ in
both uLJ and uoffset. ulink has a minimum of ≈ 10−2
at approximately the same r as uLJ, rmin ≈ 2(1/6).
Offsetting the interaction potential in this way is
standard in MD simulations, and a discussion of us-
ing an offset linear in r can be found in Section 5.2.4
in Ref. [21]. Note that the physical cross-links, which
act both within and between polymer molecules, are
much weaker than the intramolecular chemical bonds
holding the chains together. For comparison, if we
take the Taylor series of ulink about rmin and trun-
cate it to second order, we obtain an effective spring
constant of keff = u
′′(rmin) ≈ 56.8, with  ∼ kBT ,
whereas kbond = 10
5kBT .
In order to prevent the repulsive forces from di-
verging during initialization we normalize the forces
arising from the WCA potential and ulink in the fol-
lowing way: rewriting the force as F = −∇u = rF0,
with r being the vector connecting the centres of
the two beads, for |F0| > Fmax = 103, we use the
expression F = rFmaxF0/|F0|. The force normal-
ization is only relevant if two beads overlap signifi-
cantly. Our algorithm for bead initialization allows
such overlaps, but they are quickly eliminated as the
aggregates evolve and unlikely to occur elsewhere in
our simulations as the bead-to-bead interaction po-
tential becomes strongly repulsive at short distances.
We generate the initial positions of the beads so
that they form an aggregate (bolus) of approximately
spherical shape with all beads within a sphere of ra-
dius Rsphere = 6σ whose centre coincides with that
of the simulation box. We specify the desired poly-
mer volume fraction ρ in the sphere and generate
Npoly polymer chains such that ρ is not exceeded,
Npoly =
⌊
6ρVsphere/
(
piNbeadσ
3
)⌋
, where the floor
function bxc acting on the real number x returns the
largest integer ≤ x, see Ref. [24]. For each set of
parameters, we perform Nens = 20 simulations with
different random initial conditions and average the
results over the ensemble.
The process of digestion involves enzymes that hy-
drolyse the chemical bonds between monomers and
thus break down the polymeric chains. As a simple
way of modelling the enzymatic hydrolysis, we intro-
duce random bond cleavage to the model. We do this
by introducing a rate constant kbreak that the bond
between any two beads is broken at each streaming
step; if a bond is cleaved, the two beads participating
in it are no longer connected via the harmonic poten-
tial (1). All bonds are equally susceptible to attack:
this mode of enzyme degradation of carbohydrates is
known as a multichain attack in the literature [25,
26].
2.2 Multi-particle Collision Dynamics
We simulate the flow via multiparticle collision dy-
namics (MPCD), a mesoscale technique for solving
the Navier-Stokes equations that treats the solvent as
a collection of point particles which move ballistically
during streaming steps and exchange momentum in
collision steps [27]. The MPCD implementation used
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here follows Refs. [28, 29], see references therein, in
particular the work of Gompper et al. [30]. The
main difference with the approach from Ref. [28, 29]
is that here we also include physical cross-linking.
In a streaming step of duration δt, a fluid particle i
changes its position ri according to
ri(t+ δt) = ri(t) + vi(t)δt, (5)
where vi is the particle velocity. Between streaming
steps, the particles are sorted in cubic cells of length
L0 = σ and exchange momentum in collision steps
according a collision rule that employs an Andersen
thermostat [31]:
vi(t+ δt) = vcell(t) + vrand(t) + vP(t) + vL(t), (6)
where vcell is the centre-of-mass velocity of the cell,
vrand is a random velocity obeying the Maxwell-
Boltzmann distribution at temperature T , and the
terms vP and vL ensure that linear and angular mo-
mentum are conserved [28]. The parameters for the
MPCD fluid are the same as in Ref. [28] and corre-
spond to a viscous flow with a low Reynolds number:
the number density of the fluid particles is ρMPCD =
10/σ3, the time step is δt = 0.02
√
mσ2/(kBT ), m
being the mass of an individual particle. The quan-
tity τ0 =
√
mσ2/(kBT ) has the dimension of time,
and throughout the text, it is the implied time unit
wherever no other is specified. The implied units of
length, mass and energy are respectively σ, m and
kBT .
During the streaming step, the forces acting on the
polymer beads are calculated from Eqs. (1)-(3) and
their positions are computed via the velocity Verlet
algorithm [21] at intervals of δtpoly = δt/50. The
polymer beads have mass mB = 10m and are in-
cluded in the collision step [27, 28].
We study the temporal evolution of polymeric ag-
gregates in an unbounded, initially quiescent fluid
and in shear flow. To this end, we employ a cubic
simulation box of size L = 48σ and simulate a time
period of tsim = 10
5δt. For simulations involving an
unbounded fluid, we apply periodic boundary condi-
tions to all walls. To simulate shear flow, we intro-
duce planar solid walls that are situated at x = ±L/2
and move with a velocity vz = ±uwall. This corre-
sponds to an approximately linear vz(x) with a shear
rate γ˙ = 2uwall/L. In simulations that involve solid
walls, the walls contain virtual particles that interact
with those of the fluid and polymer according to a
bounce-back rule [31].
3 Results
In the simulations we discuss below, we study the evo-
lution of aggregates comprised of fully flexible poly-
mer chains with a Kuhn length of ∼ σ comprised of
Nbead = 20 coarse-grained beads. We explore the
effect of various parameters, namely, the fraction of
beads that can form links (plink), the interaction en-
ergy parameter (), the rate of enzymatic hydrolysis
(kbreak) and the shear rate of imposed shear flows (γ˙).
We summarize the key parameters in Table 1.
For all quantities of interest X(t), we calculate the
ensemble mean value,
〈X(t)〉 = 1
Nens
Nens∑
k=1
Xk(t), (7)
where k labels a given set of initial conditions. The
position vector of the bolus centre of mass for the
simulation with the set of initial conditions labelled
k is
rav k(t) =
1
Npoly
Npoly∑
i=1
rCM ik(t). (8)
A useful quantity to characterize the shape and di-
mensions of the irregularly-shaped boluses is the gy-
ration tensor. Its diagonal components are defined as
Gll k(t) =
1
Ntot
Npoly∑
i=1
Nbead∑
j=1
[(rijk(t)− rav k(t)) · el]2,
(9)
whereNtot = NpolyNbead is the total number of beads
in the bolus and el is a Cartesian basis vector. Other
authors have used analogous definitions ofGk to char-
acterize individual polymer molecules, see e.g. Mat-
tice and Suter [32] and Liebetreu et al. [33]. In partic-
ular, gyration tensors have been defined for individ-
ual ring polymers [33, 34] and single-chain polymeric
nanoparticles [35].
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Table 1: Key parameters influencing bolus dynamics and respective ranges explored in this work
Parameter Significance
Studied
range
plink
probability that every individual bead
is initialized as a linking bead
0− 1
 interaction strength, see eqs. 2-4 1− 10
kbreak
probability that a bond
is broken in a given time step
0− 10−3
Wi
dimensionless shear rate, defined as
the product of the dimensional shear
rate and the bolus characteristic time, γ˙〈tbolus〉
0− 58
The bolus gyration radius is related to the trace of
the gyration tensor Gk as
R2g bol k = tr (Gk(t)) . (10)
For polymers that do not form cross-links, the in-
dividual molecules diffuse away and the aggregate
disperses (Figure 1), leading to a 〈R2g bol(t)〉 which
is linear in t at long times. In contrast, for bo-
luses with a sufficiently high number of strong cross-
links, 〈Rg bol〉 approaches a stationary value. For this
reason, the quantity s = ∂〈R2g bol(t)〉/∂t/〈R2g bol(0)〉
which characterizes the rate of expansion of the bolus
surface, is useful in describing the different modes of
bolus behaviour.
Bolus evolution at short times is dominated by re-
pulsive forces due to overlapping beads in the initial
condition, leading to a sharp maximum of 〈R2g bol〉 at
t → 0, see e.g. Figure 2. This repulsive Lennard-
Jones interaction is short-ranged and after going
through this maximum in size, the bolus contracts
due to attractive forces, typically going through a
shallow minimum in 〈R2g bol〉 (Figure 2). At still
longer time scales, at t & t0 = tsim/20 = 100τ0,
〈R2g bol〉 is determined by the balance between cross-
linking interactions holding the bolus together and
the diffusion of the polymers driving the dispersion
of the aggregate. As this is the regime we are inter-
ested in, we focus on t > t0.
3.1 Boluses in a quiescent fluid
We start by investigating the stability of boluses in a
quiescent fluid and its dependence on the properties
of the constituent polymers.
3.1.1 Varying the linking bead fraction plink
In Figure 1, we see snapshots of boluses at the be-
ginning and the end of simulations. The polymeric
molecules comprising the aggregates in Figure 1(a)
can form no physical cross-links, whereas the fraction
of linking beads in Figure 1(b) is ≈ 40%. As the com-
parison between these two cases indicates, introduc-
ing cross-linking interactions qualitatively changes
the behaviour of polymeric aggregates, causing them
to approach a stationary radius rather than dis-
perse over time. The plots of the ensemble-averaged
squared gyration radius 〈R2g bol(t)〉/〈R2g bol(0)〉 in
Figure 2 demonstrate that as plink is increased from
0, bolus behaviour transitions from dispersing over
time to attaining a stationary gyration radius (see
also Supplementary Movies 1 and 2). Looking at
the bolus expansion rate s shown in the inset of Fig-
ure 2 suggests that this is quite a sharp transition
at plink ≈ 0.3. This value is related to the fraction
of linking beads required to bind all molecules in the
aggregate together via cross-links and is therefore re-
lated to a percolation threshold above which the en-
tire aggregate is bound by cross-links.
However, this is not a simple geometric percola-
tion transition because it relates to the formation of
a network of cross-links within a finite aggregate in-
stead of an infinite medium. Moreover, the stabil-
ity of the bolus is controlled not only by the num-
ber of cross-links in it but also by their strength, as
well as additional factors, such as the initial volume
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fraction of polymer and the length of the polymeric
chains. We discuss the most pertinent of these pa-
rameters below and choose the ensemble of boluses
with plink = 8/Nbead, Nbead = 20, ρ = 0.4 and  = 5
as a reference system since these parameters yield ag-
gregates that are stable in quiescent conditions.
3.1.2 Varying the interaction energy param-
eter 
In Figure 3 we show the long-time behaviour of
the squared bolus gyration radius 〈R2g bol〉 for dif-
ferent values of the interaction energy . The fig-
ure demonstrates that merely having a linking bead
fraction that ensures cross-links span the entire ag-
gregate is not sufficient to make the bolus stable
with respect to diffusion and that  also needs to
be above a threshold value for the aggregates to re-
main intact at long times. For our model system
(Nbead = 20, ρ = 0.4, plink = 4.0/Nbead), we see that
the long-time bolus expansion rate drops sharply at
 ≈ 3.
3.1.3 Chemical breakdown
We study the effect of polymer hydrolysis by vary-
ing the rate constant kbreak over several orders of
magnitude. We choose the values of kbreak so that
the number of bonds broken during the course of
the simulations tsim varies between 0 and the total
number of bonds in the bolus. As seen in Figure 4,
which contains plots of the bolus ensemble-averaged
squared gyration radius 〈R2g bol(t)〉 at various kbreak,
chemical breakdown in the model drives boluses that
are stable in the absence of hydrolysis to disperse
if kbreak & 10−6, corresponding to the cleavage of
& 10% of the bonds in the aggregate over the course
of the simulation.
The bolus evolution in the case of high kbreak has
an unexpected feature: in this case complete hydrol-
ysis of the polymers occurs at t tsim and the bolus
is reduced to a collection of individual beads. This
allows the cross-link-forming beads to interact more
strongly, forming a greater number of cross-links and
thus a more tightly packed aggregate, than is pos-
sible when they participate in chemical bonds with
non-linking beads. Thus, the breakdown of the ag-
gregate is accompanied by the formation of a dense,
heavily cross-linked core visible in the snapshots in
Figure 4 and Supplementary Movie 3. One can en-
visage that such behaviour may occur if a co-polymer
containing hydrophobic and hydrophilic monomers is
broken down at a high rate into small clusters in wa-
ter, leading hydrophilic clusters to dissolve in the sol-
vent and hydrophobic ones to aggregate.
3.2 Boluses in flow
Here, we induce a simple shear flow by introducing
moving horizontal solid walls to the system as de-
scribed in Section 2 and investigate how it affects
bolus dynamics both with and without simultaneous
chemical breakdown of the polymer molecules.
3.2.1 Tumbling, tank-treading and break-
down in shear flow
Boluses under shear exhibit three different regimes
depending on the imposed shear rate γ˙. For boluses
that are stable under quiescent conditions, we nondi-
mensionalize γ˙ with a characteristic time 〈tbolus〉,
which we define as the time required for 〈R2g bol(t)〉
of a bolus with identical parameters to reach 95%
of 〈R2g bol(tsim)〉 in the absence of shear. Note that,
as before, we disregard the initial period in which
〈R2g bol(t)〉 goes through a maximum. For this rea-
son, when determining 〈tbolus〉, we start measuring
〈R2g bol(t)〉 at t0 = tsim/20. The dimensionless bo-
lus Weissenberg number is then Wi = γ˙〈tbolus〉,
with 〈tbolus〉 > t0; for our model system (Nbead =
20, ρ = 0.4, plink = 4.0/Nbead, uwall = 0, kbreak = 0),
〈tbolus〉 = 140τ0.
We now discuss the different regimes of bolus be-
haviour in shear flow. i) At Wi 1, the bolus is not
significantly perturbed by the shear flow and both
〈R2g bol(t)〉 and s are unchanged with respect to the
quiescent case (Figure 5(a)). ii) At intermediate Wi,
Wi ∼ 1, boluses are deformed and move collectively
in the direction of the flow (Figure 5(b), Supplemen-
tary Movie 4). Individual polymer chains break off
from some of the boluses in an ensemble (see Sup-
plementary Movie 5), but overall, the bolus main-
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(a)
(b)
Figure 1: Snapshots of the evolution of boluses in which no beads (a) or approximately 40% of the beads
(b) can form cross-links (Nbead = 20, ρ = 0.4,  = 5.0). The beads are coloured according to the number of
cross-links they participate in. The scale bar lengths are in units of σ. Note that for plink = 0, the bolus size
increases significantly with time as the molecules diffuse away. In contrast, the heavily cross-linked aggregate
in b maintains a high density and an approximately constant size.
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Figure 2: The effect of linking probability. Ensemble-averaged squared gyration radius 〈R2g bol〉 vs. t
(in units of τ0), normalized by its value at t = 0 for boluses with fractions of linking beads ranging from 0
to 1 and Nbead = 20, ρ = 0.4,  = 5.0. The shaded areas indicate the sample standard deviation for each
ensemble, and the dashed lines of slope k are linear fits to the data for R2g bol k(t)/〈R2g bol(0)〉 for individual
boluses in each ensemble for the last 800 time units. Snapshots from simulations illustrate the two extreme
cases (plink = 0 and 1) at t = 2000τ0; note the scale bars of length 10σ. Beads are coloured according
to the number of cross-links they participate in with a scale that goes from blue to red as this number
increases. Inset - slopes of the fitted straight lines at various values of the fraction of linking beads in the
bolus calculated from the data for R2g bol k(t)/〈R2g bol(0)〉 for all boluses in each ensemble in the main plot
and additional simulations at other plink. The dashed line corresponds to a zero slope, i.e., a zero surface
expansion rate, s = ∂t(〈R2g bol(t)〉/〈R2g bol(t)〉) = 0.
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Figure 3: The effect of the interaction energy. Ensemble-averaged squared gyration radius 〈R2g bol〉
vs. t (in units of τ0), normalized by its value at t = 0 for boluses with different interaction energies  and
Nbead = 20, ρ = 0.4, plink = 8.0/Nbead. The shaded areas indicate the sample standard deviation for each
ensemble, and the dashed lines are linear fits to the data for R2g bol(t)/〈R2g bol(0)〉 for all boluses in each
ensemble for the last 800τ0. Snapshots from simulations illustrate the two extreme cases ( = 1.00 and 10.0)
at t = 2000τ0; the scale bars are of length 10σ. Beads are coloured according to the number of cross-links they
participate in and the colour map is the same for both snapshots. Inset - slopes of the normalized R2g bol(t)
for all boluses in the individual ensembles long t at various values of the intermolecular interaction energy
parameter . The slopes are calculated from fits to the data from the simulations in the main figure and ones
at other . The dashed line corresponds to a zero surface expansion rate, s = ∂t(〈R2g bol(t)〉/〈R2g bol(0)〉) =
0.
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Figure 4: The effect of chemical breakdown. Ensemble-averaged squared gyration radius 〈R2g bol〉 vs. t
(in units of τ0), normalized by its value at t = 0 for boluses with Nbead = 20, ρ = 0.4, plink = 8.0/Nbead,  =
5.0 subjected to different rates of chemical breakdown kbreak. The shaded areas indicate the sample standard
deviation for each ensemble, and the dashed lines are linear fits to the data for R2g bol(t)/〈R2g bol(0)〉 for all
boluses in each ensemble for the last 800τ0. The two snapshots taken at t = tsim illustrate the cases with the
lowest and highest kbreak, with bead colours indicating the molecule to which beads belong at t = 0; note
the scale bars of length 10σ. The inset shows the bolus surface expansion rates for long t at various values of
the chemical rate constant kbreak. The slopes are calculated from data for the boluses from the main figure
and additional simulations at other kbreak.
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(a)
(b)
(c)
Figure 5: Snapshots of the evolution of boluses with Nbead = 20, ρ = 0.4, plink = 8/Nbead = 20,  = 5.0
subjected to flows with different shear rates. The shear is created by the motion of the horizontal solid walls
as indicated by the arrows in the first frame in a. The scale bars are of length 10σ. a. Regime i) - at low
Wi (Wi = 0.58), the bolus is not significantly affected by the flow. b. Regime ii) - at intermediate Wi
(Wi = 5.8), the bolus performs a tumbling/tank-treading motion. c. Regime iii) - at high Wi (Wi = 29),
the bolus is broken apart by the flow.
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tains its structure. The transition between regimes i)
and ii) occurs when the energy dissipated due to vis-
cous friction over the characteristic time for the bolus
〈tbolus〉 becomes much larger than the total energy of
the cross-links in it. iii) At Wi  1, the boluses are
broken apart by the shear flow (Figure 5(c), Supple-
mentary Movie 6).
The final bolus size 〈Rg bol(tsim)〉/〈Rg bol(0)〉 for
Wi 1 is orders of magnitude greater than the box
length L. This means that the box no longer ade-
quately simulates an infinite medium and that inter-
molecular interactions are stronger than they would
be in an infinite box, and that the results we report
for this case at long times are approximate; the same
is true of simulations in which individual molecules
are separated from the bolus by the shear flow. How-
ever, we expect that the finite size of the box does
not introduce a significant error in the quantities of
interest to us in the latter case because the splitting
of individual molecules from an aggregate of ∼ 30
chains has a minor effect on its gyration radius.
In regime ii), in which the aggregates move ap-
proximately as solid bodies, there are two limiting
modes of motion that the bolus can exhibit: tumbling
and tank-treading. In the first of these, tumbling,
the polymeric chains experience large conformational
changes and alternate between stretched and col-
lapsed states. In the second one, tank-treading, in-
dividual beads rotate about the bolus centre of mass
and the conformation of the chains is approximately
constant. See Refs. [34, 35] for discussion of these
modes for individual ring polymers and nanoparticles
consisting of a single polymeric chain, respectively.
We use two correlation functions to describe this
collective motion, on the scale of the entire bolus, at
intermediate shear rates. The first one is the cross-
correlation function of the diagonal components of G
in the flow and gradient direction, which character-
izes tumbling,
Cxz =
〈δGzz k(t0)δGxx k(t)〉
σGzz(t0)σGxx(t0)
, (11)
where
δGii k(t) = Gii k(t)− 〈Gii(t)〉 (12)
and
σGii(t) =
√
Nens
Nens − 1 (〈G
2
ii(t)〉 − 〈Gii(t)〉2) (13)
are the standard deviations of the diagonal compo-
nents of the gyration tensor. We choose the offset
time t0 = tsim/20 so that the repulsion-dominated
initial period during which the bolus gyration radius
goes through a maximum does not contribute to the
correlation functions.
Negative peaks in the cross-correlation function
Cxz are a hallmark of tumbling motion [35]. These
peaks arise because the polymer chains are preferen-
tially stretched along the flow direction, but thermal
fluctuations cause stretching in the gradient direc-
tion. This causes the chains to contract and subse-
quently extend along the flow.
The correlation function that characterizes tank-
treading is
Cangle(t) =
〈sin (2β(t0)) sin (2β(t))〉
〈sin (2β(t0))2〉
=〈∑Npoly
i=1
∑Nbead
j=1 sin (2βijk(t0)) sin (2βijk(t))
〉
〈∑Npoly
i=1
∑Nbead
j=1 sin (2βijk(t0))
2
〉 , (14)
where βijk is the angle between the vector connecting
the bead with position vector rijk to the bolus cen-
tre and the instantaneous first principal component
of the bolus bead positions. The principal compo-
nents of the instantaneous set of bead positions are
basis vectors defined through a linear transformation
of the Cartesian basis in which we record the posi-
tions. The transformation is defined such that the
principal components maximize variance and are or-
thogonal to each other [36]. The principal compo-
nents correspond to the axes of an ellipsoid fit to the
distribution of bead positions, and the first principal
component corresponds to this ellipsoid’s principal
axis along which statistical variation is greatest [36],
thus defining the main bolus axis. βijk is therefore
defined through
cos(βijk(t)) =
(rijk − rav k(t)) · e˜p
|rijk − rav k(t)| , (15)
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where e˜p is a unit vector in the direction of the first
principal component.
Damped oscillations of Cangle with time are a
characteristic sign of tank-treading motion [34, 35].
In contrast with tumbling, which causes polymer
molecules to alternate between stretched and com-
pressed conformations, tank-treading motion occurs
with rotation of the individual beads around the bo-
lus centre of mass that maintains the conformation
of individual molecules approximately constant [35].
These correlation functions are plotted in Fig-
ures 6(a) and 6(b). They indicate that, as Wi is
increased from 0, the boluses studied here first ex-
hibit slow tumbling motion at Wi ∼ 1 (green curve,
Figure 6(a)), and then move in a way that combines
tumbling and tank-treading (blue and purple curves,
Figure 6) at higher Wi.
3.2.2 Synergy of shear flow and chemical
breakdown
Finally, we consider the case of bolus evolution in the
presence of both shear flow and chemical breakdown,
which is particularly relevant to modelling the diges-
tive tract where muscle contractions induce mixing
and enzymes catalyse hydrolytic reactions. Figure 7,
which contains data on 〈Rg bol(kbreak)〉 at different
dimensionless shear rates, illustrates the synergistic
effect of the two factors. The graph demonstrates
that the combination of fast polymer hydrolysis and
a low Weissenberg number is more efficient than ei-
ther of the two on its own (see also Supplementary
Movie 7).
Figure 7 shows that flows with Wi = 0.29, which in
the absence of chemical breakdown have a negligible
effect on bolus size lead to a considerable increase in
the squared gyration radius at long times and kbreak
high enough to cleave a substantial fraction of the
chemical bonds in the aggregate (〈R2g bol〉 increases
by ≈ 30% at kbreak = 10−5 approximately twofold at
kbreak = 10
−4 − 10−3).
The reason such low shear rates affect boluses only
if the latter undergo a hydrolytic reaction is that fast
hydrolysis generates a substantial fraction of individ-
ual beads which are then much more easily dispersed
by the flow than long polymeric chains would be.
Similar effects may play a role in digestion.
4 Discussion
Our simulations of the dynamics of physically cross-
linked aggregates consisting of linear polymers (bo-
luses) provide insight into the process of digestion at
the mesoscale. The coarse-grained models we em-
ploy allow us to pinpoint the key factors controlling
the breakdown of such aggregates. We demonstrate
that in a quiescent fluid, the stability of polymeric
boluses with respect to diffusion is mainly controlled
by the fraction of individual beads within them that
can form physical cross-links (plink) and the energy of
the cross-linking interactions (). The bolus surface
expansion rate s sharply decreases to zero at a value
of plink that corresponds to a network of cross-links
encompassing the entire aggregate provided that the
cross-links are strong enough to hold the molecules
together, i.e., that  is above a threshold value.
Two major factors control the breakdown of
biopolymers in the digestive tract - enzymatic hy-
drolysis and shear flow. Our simple model of en-
zymatic polymer hydrolysis posits that all chemical
bonds within the bolus degrade at random with the
same probability. It demonstrates that a rate of hy-
drolysis which cleaves a significant fraction of the
bonds within an aggregate over the simulated time
period causes boluses that are stable in the absence
of hydrolysis to disperse.
We also investigate the effect of simple shear on
polymeric aggregates by introducing two horizontal
solid walls moving in opposite directions. We ob-
serve that aggregates exhibit three different regimes
depending on the magnitude of the Weissenberg num-
ber Wi for the flow: i) At Wi 1, the flow does not
have an appreciable effect on the aggregates. ii) At
Wi ∼ 1, boluses move collectively along the flow in
a regime that combines tumbling and tank-treading,
and individual molecules may detach from the main
aggregates. iii) At Wi  1, the shear flow is suf-
ficiently strong to break the aggregates down com-
pletely.
Finally, we show that when combined, shear flow
and chemical breakdown of the polymers act in syn-
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(a)
(b)
Figure 6: Correlation functions characterizing tumbling and tank-treading versus t in units of τ0 plotted
up to the moment when 〈R2g bol(tsim)〉 = (L/2)2; at Wi = 29.2 this happens at t ≈ 200τ0 (red curves). a.
Correlation function Cxz(t) for boluses with Nbead = 20, ρ = 0.4, plink = 8.0/Nbead, and  = 5.0 subjected
to shear flows with different Wi. The negative peaks in Cxz(t) at Wi ∼ 0.58− 5.8 indicate anti-correlation
between the deviations from the average for the bolus lengths in the flow (δGzz k(t)) and gradient (δGxx k(t))
directions. This demonstrates that the motion of boluses at Wi ≈ 3 (blue) and Wi ≈ 6 (purple) includes
contributions from tumbling. The boluses at Wi ≈ 0.6 (green) also exhibit two shallow negative peaks
indicative of slow tumbling. Note the qualitative difference with the correlation functions for boluses in a
quiescent fluid (yellow). b.Correlation function Cangle(t) for boluses subjected to shear flows with different
Wi. Note the signature damped oscillations of tank-treading for Wi = 2.9 and 5.8 (blue and purple,
respectively), and the qualitatively different behaviour of Cangle(t) for other values of Wi.
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Figure 7: Ensemble-averaged squared gyration radius
at t = 3tsim/4 = 1500τ0, normalized by its value
at t = 0 versus kbreak in the absence of shear flow
(circles), at Wi = 0.06 (triangles), 0.15 (crosses),
0.29 (squares), and 2.9 (inverted triangles). Notably,
Weissenberg numbers lower than unity significantly
enhance bolus dispersion at high chemical reaction
rates although even a tenfold increase of Wi has little
effect on aggregate size in the absence of hydrolysis or
sufficiently low reaction rates (compare the data for
Wi = 0, 0.15 and 2.9 at kbreak = 10
−8). The squared
gyration radii at kbreak ≥ 10−5 are not shown for
the last set of points because they exceed the others
by orders of magnitude, ranging between ∼ 100 and
∼ 900. At long times and comparatively high Wi
and kbreak, a significant fraction of the beads reach
distances greater than L/2 from the centre of the sim-
ulation box, which means that the latter is not large
enough to effectively simulate an infinite medium
for these beads. Therefore, we plot 〈R2g bol(t)〉 at
t = 3tsim/4, which is approximately when the finite-
size effects start to play a role for Wi = 0.15 and
kbreak = 10
−3; this value of Wi approximately cor-
responds to the upper limit for the shear rate in the
stomach (see Discussion). The sizes we report for
kbreak = 10
−6 at Wi = 2.9 and kbreak ≥ 10−4 at
Wi = 0.29 are approximate as they do not account
for the finite size of the box.
ergy to disperse the aggregates. In the limit of fast
chemical breakdown in which the polymeric chains
are completely split into individual beads over the
duration of the simulation, flows with Wi ∼ 0.1 sig-
nificantly aid bolus dispersion. This is in contrast to
the case of aggregates in the absence of hydrolysis in
which a shear rate of the same order of magnitude
would at most induce slow tumbling. Such low Wi
have an appreciable effect at high hydrolysis rates
because the flow need only disperse individual beads
rather than long polymeric chains.
Let us now discuss how our mesoscale model sys-
tem might be approximately mapped to physical
units. We first assume that a single simulated
chain should be mapped to a single biopolymeric
molecule, i.e. we set the contour length Lc = Nbeadσ
equal to that of biopolymers that occur in the hu-
man diet. First, we take the example of the lin-
ear carbohydrate amylose, which is a major compo-
nent of starch, and thus essential to human nutri-
tion. We set T to 25 ◦C and use the experimental
contour length Lc = 270 nm and linear density of
ρL = 2.39× 10−12 kg m−1 of amylose [37]. For a poly-
mer consisting of 20 coarse-grained beads, this means
that σ = 13.5 nm and Rsphere = 81 nm. If instead
we take the example of the much longer biopolymer
xanthan (Lc = 2.608 µm in its double-stranded form,
ρL = 3.32× 10−12 kg m−1 [37]) which is a common
gelling agent in the food industry, we get σ = 0.13 µm
and Rsphere = 0.78 µm.
For comparison, image analysis of rice-based gas-
tric digesta from pigs shows a particle distribution
with areas ranging from 10−9 to 3.5× 10−5 m2 [38],
corresponding to radii between ∼ 30 µm and ∼ 6 mm,
i.e., if we map our model polymers to xanthan, the
size of the aggregates we study is about an order of
magnitude smaller than the smallest particles in di-
gesta.
In this mapping the range of Wi we study cor-
responds to shear rates of ∼ 104 to ∼ 107 s−1 for
amylose and ∼ 103 to ∼ 106 s−1 for xanthan. Shear
rates in the digestive tract have not been accurately
measured [39] but based on simulation data [14], we
can estimate them to be ∼ 1 s−1. Our estimates pre-
dict that the shear rates required to perturb the ag-
gregates formed from amylose and xanthan are much
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higher than this value, implying that mixing in the di-
gestive tract would play no role in the breaking down
of boluses with such small dimensions (∼ 0.1 µm and
∼ 1 µm, respectively).
An alternative way of interpreting the model is to
equate the initial aggregate size, Rsphere = 6σ, to the
approximate radius of the smallest particles in di-
gesta observed by Bornhorst et al. [38], Rsphere ≈
32 µm. This is equivalent to assuming that each
polymer in the bolus represents multiple entangled
polymeric chains. Taking the same linear density
as amylose, ρL = 2.39× 10−12 kg m−1 [37], we find
that the range of shear rates we explore falls be-
tween 5 and 5× 103 s−1, and that the bead diameter
is σ = 5.3µm. In this mapping, given the presence
of hydrolysis, a physiologically relevant shear rate of
γ˙ ≈ 11 s−1 (Wi = 0.15) is sufficient to significantly
affect the digestion of boluses.
The coarse-grained mesoscale model discussed in
this paper provides insight into generic mechanisms
of polymer aggregate breakdown relevant to mod-
elling the process of digestion. Our work consid-
ers some of the main factors at play in the diges-
tive tract, but there are many simplifying assump-
tions that require further investigation. The physical
cross-links present in the model can serve as an ap-
proximation of the hydrogen bonds that act between
starch molecules [40]. However native starch con-
sists of branched-chain amylopectin and linear amy-
lose molecules [41] which can be organized in complex
structures known as granules which vary between 1
and ∼ 100 µm in size [41] and contain alternating
amorphous and crystalline layers, although these are
typically disrupted during food processing [42] and
further perturbed during digestion. First steps to-
wards modelling more realistic polymer architectures
could be to consider chain branching, polydispersity
or the effects of electrostatic interactions.
In our model for polymer hydrolysis the chemical
bonds break down spontaneously at a constant rate
regardless of their position within the bolus. An en-
zyme that hydrolyses amylose according to this mech-
anism is β-amylase, which is found in plants, see
e.g. Bird and Hopkins [43]. A more realistic model
of hydrolysis due to the α-amylase present in human
saliva might follow a multiple attack mechanism in
which the enzyme at first binds to a random site
along the carbohydrate chain and then hydrolyses
several bonds before detaching from it [25]. More-
over, being macromolecules themselves, enzymes dif-
fuse through the polymeric aggregates at a finite rate
and a more detailed model should account for en-
zyme diffusion. In this case, chains at the surface
of the aggregate would be attacked first; individual
linking beads would have more time to diffuse after
hydrolysis and would be less likely to form a dense
core as they do in our simulations (see the snapshot
for high kbreak in Figure 4).
It would be very interesting to compare the simu-
lation results to experiments on model systems: fully
realistic numerical models of digestive processes are
currently out of reach, but developing simpler numer-
ical and experimental model systems in tandem will
help to identify and understand the most important
physical and chemical processes which contribute to
digestion. This will help to address the long-term
goal of designing healthier foods.
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Supplementary Movies
This is a list of the supplementary movies that il-
lustrate some of the simulations underlying the data
presented in the paper.
1. An aggregate with no cross-linking in a quiescent
fluid.
2. An aggregate stabilized by physical cross-links
in a quiescent fluid.
3. An aggregate dispersed through chemical break-
down of its constituent molecules.
4. An aggregate tumbling/tank-treading in moder-
ately strong shear.
5. An aggregate under the same conditions as in 4.
from which a single polymeric chain breaks off.
6. An aggregate breaking down in strong shear.
7. An aggregate under the combined action of
chemical breakdown and shear.
References
1G. M. Bornhorst, O. Gouseti, M. S. Wickham, and
S. Bakalis, “Engineering Digestion: Multiscale Pro-
cesses of Food Digestion”, J. Food Sci. 81, R534–
R543 (2016).
2Y. Wang, J. G. Brasseur, G. G. Banco, A. G. Webb,
A. C. Ailiani, and T. Neuberger, “A multiscale
lattice Boltzmann model of macro-to micro-scale
transport, with applications to gut function”, Phi-
los. Trans. R. Soc. A Math. Phys. Eng. Sci. 368,
2863–2880 (2010).
3M. Viuda-Martos, M. C. Lo´pez-Marcos, J.
Ferna´ndez-Lo´pez, E. Sendra, J. H. Lo´pez-Vargas,
and J. A. Perez-A´lvarez, “Role of fiber in cardiovas-
cular diseases: A review”, Compr. Rev. Food Sci.
Food Saf. 9, 240–258 (2010).
4A. E. Ozen, A. Pons, and J. A. Tur, “Worldwide
consumption of functional foods: A systematic re-
view”, Nutr. Rev. 70, 472–481 (2012).
5A. R. Bird, A. Lopez-Rubio, A. K. Shrestha, and
M. J. Gidley, “Resistant Starch in Vitro and in
Vivo”, in Mod. biopolym. sci. (Elsevier, 2009),
pp. 449–510.
6H. Singh, A. Ye, and M. J. Ferrua, “Aspects of food
structures in the digestive tract”, Curr. Opin. Food
Sci. 3, 85–93 (2015).
7G. M. Bornhorst and R. P. Singh, “Bolus Forma-
tion and Disintegration during Digestion of Food
Carbohydrates”, Compr. Rev. Food Sci. Food Saf.
11, 101–118 (2012).
8M. L. Jalabert-Malbos, A. Mishellany-Dutour, A.
Woda, and M. A. Peyron, “Particle size distribu-
tion in the food bolus after mastication of natural
foods”, Food Qual. Prefer. 18, 803–812 (2007).
9K. Schulze, “Imaging and modelling of digestion in
the stomach and the duodenum”, Neurogastroen-
terol. Motil. 18, 172–183 (2006).
10M. Boland, “Human digestion - a processing per-
spective”, J. Sci. Food Agric. 96, 2275–2283 (2016).
11P. Cleary, M. Sinnott, B. Hari, S. Bakalis, and
S. Harrison, “Modelling food digestion”, in Model.
food process. oper. (Elsevier, 2015), pp. 255–305.
12M. Taghipoor, P. Lescoat, J. R. Licois, C.
Georgelin, and G. Barles, “Mathematical model-
ing of transport and degradation of feedstuffs in
the small intestine”, J. Theor. Biol. 294, 114–121
(2012).
13T. E. Moxon, O. Gouseti, and S. Bakalis, “In sil-
ico modelling of mass transfer & absorption in the
human gut”, J. Food Eng. 176, 110–120 (2016).
14M. J. Ferrua, F. Kong, and R. P. Singh, “Computa-
tional modeling of gastric digestion and the role of
food material properties”, Trends Food Sci. Tech-
nol. 22, 480–491 (2011).
15M. J. Ferrua and R. P. Singh, “Computational
modelling of gastric digestion: Current challenges
and future directions”, Curr. Opin. Food Sci. 4,
116–123 (2015).
16M. Ferrua and R. Singh, “Modeling the Fluid
Dynamics in a Human Stomach to Gain Insight
of Food Digestion”, J. Food Sci. 75, R151–R162
(2010).
17
17F. Kong and R. P. Singh, “A model stomach system
to investigate disintegration kinetics of solid foods
during gastric digestion”, J. Food Sci. 73, 202–210
(2008).
18F. Kong and R. P. Singh, “A Human Gastric Sim-
ulator (HGS) to Study Food Digestion in Human
Stomach”, J. Food Sci. 75, E627–E635 (2010).
19A. K. Shrestha, J. Blazek, B. M. Flanagan, S. Dhi-
tal, O. Larroque, M. K. Morell, E. P. Gilbert, and
M. J. Gidley, “Molecular, mesoscopic and micro-
scopic structure evolution during amylase diges-
tion of extruded maize and high amylose maize
starches”, Carbohydr. Polym. 118, 224–234 (2015).
20G. Liu, Z. Gu, Y. Hong, L. Cheng, and C. Li,
“Structure, functionality and applications of de-
branched starch: A review”, Trends Food Sci. Tech-
nol. 63, 70–79 (2017).
21M. Allen and D. Tildesley, Computer Simulation of
Liquids (Clarendon Press, Oxford, 1987).
22J. D. Weeks, D. Chandler, and H. C. Andersen,
“Role of repulsive forces in determining the equilib-
rium structure of simple liquids”, J. Chem. Phys.
54, 5237–5247 (1971).
23J. F. Ryder and J. M. Yeomans, “Shear thinning
in dilute polymer solutions”, J. Chem. Phys. 125,
194906 (2006).
24M. Hazewinkel, ed., Encyclopaedia of Mathematics,
Supplement III (Springer Netherlands, Dordrecht,
2002).
25J. F. Robyt and D. French, “Multiple attack hy-
pothesis of α-amylase action: Action of porcine
pancreatic, human salivary, and Aspergillus oryzae
α-amylases”, Arch. Biochem. Biophys. 122, 8–16
(1967).
26A. Bijttebier, H. Goesaert, and J. A. Delcour,
“Amylase action pattern on starch polymers”, Bi-
ologia (Bratisl). 63, 989–999 (2008).
27J. M. Yeomans, “Mesoscale simulations: Lattice
Boltzmann and particle algorithms”, Physica A
369, 159–184 (2006).
28A. Zo¨ttl and J. M. Yeomans, “Enhanced bacterial
swimming speeds in macromolecular polymer solu-
tions”, Nat. Phys. 15, 554–558 (2019).
29A. Zo¨ttl and J. M. Yeomans, “Driven spheres, el-
lipsoids and rods in explicitly modeled polymer
solutions”, J. Phys. Condens. Matter 31, 234001
(2019).
30G. Gompper, T. Ihle, D. M. Kroll, and R. G.
Winkler, “Multi-Particle Collision Dynamics – a
Particle-Based Mesoscale Simulation Approach to
the Hydrodynamics of Complex Fluids”, Adv.
Comput. Simul. Approaches Soft Matter Sci. I, 1–
87 (2008).
31A. Zo¨ttl, “Hydrodynamics of Microswimmers in
Confinement and in Poiseuille Flow”, PhD thesis
(Technical University of Berlin, 2014).
32L. W. Mattice and W. U. Suter, Conformational
Theory of Large Molecules: The Rotational Iso-
meric State Model in Macromolecular Systems
(Wiley, New York; Chichester, 1994).
33M. Liebetreu, M. Ripoll, and C. N. Likos, “Tre-
foil Knot Hydrodynamic Delocalization on Sheared
Ring Polymers”, ACS Macro Lett. 7, 447–452
(2018).
34W. Chen, J. Chen, and L. An, “Tumbling and tank-
treading dynamics of individual ring polymers in
shear flow”, Soft Matter 9, 4312–4318 (2013).
35M. Formanek and A. J. Moreno, “Single-Chain
Nanoparticles under Homogeneous Shear Flow”,
Macromolecules 52, 1821–1831 (2018).
36I. T. Jolliffe, Principal Component Analysis, 2nd,
Springer Series in Statistics (Springer-Verlag, New
York, 2002).
37B. T. Stokke, A. Elgsaeter, G. Skjrak-Brjek, and O.
Smidsrød, “The molecular size and shape of xan-
than, xylinan, bronchial mucin, alginate, and amy-
lose as revealed by electron microscopy”, Carbo-
hydr. Res. 160, 13–28 (1987).
38G. M. Bornhorst, K. Kostlan, and R. P. Singh,
“Particle Size Distribution of Brown and White
Rice during Gastric Digestion Measured by Image
Analysis”, J. Food Sci. 78, E1383–E1391 (2013).
39C. L. Dikeman and G. C. Fahey, “Viscosity as re-
lated to dietary fiber: A review”, Crit. Rev. Food
Sci. Nutr. 46, 649–663 (2006).
18
40J. Liang and R. D. Ludescher, “Effects of glycerol
on the molecular mobility and hydrogen bond net-
work in starch matrix”, Carbohydr. Polym. 115,
401–407 (2015).
41A. Bule´on, P. Colonna, V. Planchot, and S. Ball,
“Starch granules: Structure and biosynthesis”, Int.
J. Biol. Macromol. 23, 85–112 (1998).
42B. Zhang, S. Dhital, B. M. Flanagan, and M. J.
Gidley, “Mechanism for starch granule ghost for-
mation deduced from structural and enzyme diges-
tion properties”, J. Agric. Food Chem. 62, 760–771
(2014).
43R. Bird and R. H. Hopkins, “The mechanism of β-
amylase action. 2. ’Multichain’ action on amylose
fission products”, Biochem. J. 56, 140–146 (1954).
19
